Abstract. A line L of a finite generalized quadrangle S of order ðs; tÞ, s; t > 1, is an axis of symmetry if there is a group of full size s of collineations of S fixing any line which meets L. If S has two non-concurrent axes of symmetry, then S is called a span-symmetric generalized quadrangle. We prove the twenty-year-old conjecture that every span-symmetric generalized quadrangle of order ðs; sÞ is classical, i.e. isomorphic to the generalized quadrangle Qð4; sÞ which arises from a nonsingular parabolic quadric in PGð4; sÞ.
Statement of the main result
In this paper, we prove the following main result. Theorem 1.1. Let S be a span-symmetric generalized quadrangle of order s, where s 0 1. Then S is classical, i.e. isomorphic to Qð4; sÞ.
This has the following corollary for groups with a 4-gonal basis (as defined in Section 3). Theorem 1.2. A finite group is isomorphic to SL 2 ðsÞ for some s if and only if it has a 4-gonal basis.
Notation
A (finite) generalized quadrangle (GQ) of order ðs; tÞ is an incidence structure S ¼ ðP; B; I Þ, with point set P, line set B and symmetric incidence relation I, where each point is incident with t þ 1 lines (t d 1), each line is incident with s þ 1 points (s d 1), and if a point p is not incident with a line L, then there is a unique point-line pair ðq; MÞ such that pIMIqIL. If s ¼ t we say that S has order s. As a general reference we mention the book by S. E. Payne and J. A. Thas [8] , see also [10] and [12] for more recent developments, and [11] and [15] for surveys on generalized polygons.
Points p and q of S ¼ ðP; B; I Þ are collinear, if they are incident with a common line. For p A P, put p ? ¼ fq A P j p; q are collinearg (note that p A p ? . In this situation, we will use the following notation throughout this paper: the basespan will always be denoted by L. The group which is generated by all the symmetries about the lines of L is G, and we call this group the base-group. This group clearly acts 2-transitively on the lines of L, and fixes every line of L ? (see for instance 10.7 of [8] ). Theorem 3.1 (S. E. Payne [7] ; see also 10.7.2 of [8] ). If S is an SPGQ of order s, s 0 1, with base-group G, then G acts regularly on the set of ðs þ 1Þsðs À 1Þ points of S which are not on any line of L.
Note. There is an analogue of Theorem 3.1 for SPGQ's of order ðs; s 2 Þ, s > 1, see K. Thas [13] and [14] .
Let S be an SPGQ of order s 0 1 with base-span L, and put L ¼ fU 0 ; . . . ; U s g. The group of symmetries about U i is denoted by G i , i ¼ 0; 1; . . . ; s, throughout this paper. Then one notes the following properties (see [7] and 10.7.3 of [8] ):
1. the groups G 0 ; . . . ; G s form a complete conjugacy class in G, and are all of order s,
We say that G is a group with a 4-gonal basis T ¼ fG 0 ; . . . ; G s g if these four conditions are satisfied. It is possible to recover the GQ S of order s from the base-group G starting from 4-gonal bases, see [7] and 10.7.8 of [8] , hence Theorem 3.2 (S. E. Payne [7] ; see also 10.7.8 of [8] ). A span-symmetric GQ of order s 0 1 with given base-span L is canonically equivalent to a group G of order s 3 À s with a 4-gonal basis T. Now suppose G is a group of order s 3 À s, where s is a power of a prime p, and suppose G has a 4-gonal basis T ¼ fG 0 ; . . . ; G s g. Since the groups G i all have order s, all these groups are Sylow p-subgroups in G. Since T is a complete conjugacy class, this means that every Sylow p-subgroup of G is contained in T, and hence G has exactly s þ 1 Sylow p-subgroups. Hence we have proved the following easy but important theorem. Theorem 3.3. Suppose G is a group of order s 3 À s with s a power of a prime. Then G can have at most one 4-gonal basis. In particular, if G has a 4-gonal basis, then it is unique.
As a corollary we obtain Theorem 3.4. Suppose S is a span-symmetric GQ of order s, s 0 1. Then S is isomorphic to the classical GQ Qð4; sÞ if and only if the base-group is isomorphic to SL 2 ðsÞ.
Proof. Suppose that the base-group G is isomorphic to SL 2 ðsÞ; then s is a power of a prime and hence by Theorem 3.3, SL 2 ðsÞ has at most one 4-gonal basis. Now consider a Qð4; sÞ and suppose L and M are non-concurrent lines of Qð4; sÞ. Then L and M are axes of symmetry, and hence Qð4; sÞ is span-symmetric for the base-span fL; Mg ?? . In this case, the base-group is isomorphic to SL 2 ðsÞ (see e.g. [7] ), which proves that SL 2 ðsÞ has a 4-gonal basis, necessarily unique by Theorem 3.3. Hence, by Theorem 3.2, there is only one GQ which can arise from SL 2 ðsÞ using 4-gonal bases and this is Qð4; sÞ, hence S G Qð4; sÞ. r It was conjectured in 1980 by S. E. Payne that a span-symmetric generalized quadrangle of order s > 1 is always classical, i.e. isomorphic to the GQ Qð4; sÞ arising from a quadric. There was a ''proof '' of this theorem as early as in 1981 by Payne in [7] , but later on, it was noticed by the author himself that there was a mistake in the proof. The paper was very valuable however, since the author introduced there the 4-gonal bases and proved for instance Theorem 3.2 and Theorem 5.1 (see below).
The base-group G
From now on, we denote by N the kernel of the action of G on the lines of L. The notation of Section 3 will be used freely. The following result is crucial: Theorem 4.1. Suppose S is a span-symmetric generalized quadrangle of order ðs; tÞ, s; t 0 1, with base-span L and base-group G. Then G=N acts as a sharply 2-transitive group on L, or is isomorphic, as a permutation group, to one of the following:
Þ, each with its natural action of degree s þ 1.
Proof. The group G (and hence also G=N) is doubly transitive on L, and for every L A L the full group of symmetries about L, which acts regularly on LnfLg, is a normal subgroup of the stabilizer of L in G. This means that ðL; G=NÞ is a split BNpair of rank 1. All finite groups with a split BN-pair of rank 1 have been classified by Shult [9] and Hering, Kantor and Seitz [3] , without using the classification of the finite simple groups. Their results give the above list of possibilities for G=N, noting that G=N is generated by the normal subgroups mentioned above. r , and thus it is clear that jNj and s are mutually coprime. The same argument as before yields that jG 0 j 1 0 mod s, and hence that G ¼ G 0 , a contradiction. Consequently G is perfect. r Proof. Assume by way of contradiction that G=N does not act as PSL 2 ðsÞ or a sharply 2-transitive group on the lines of L. First of all, G is a perfect group, and since N is in the center of G, the group G is a perfect central extension of the group G=N which acts on L. The perfect group G=N has a universal central extension G=N, and G=N contains a central subgroup F such that G=N=F G G, see e.g. [6] . We now look at the possible cases.
If This theorem thus yields the fact that for any two distinct lines U and V of L ? , the GQ is also an SPGQ with base-span fU; V g ?? . The corresponding base-group will be denoted by G ? . It should be emphasized that this property only holds for SPGQ's of order s (see [13] Let p be a point and L a line of a projective plane P. Then P is said to be ðp; LÞ-transitive if the group of all collineations of P with center p and axis L acts transitively on the points, distinct from p and not on L, of any line through p. The following theorem is a step in the Lenz-Barlotti classification of finite projective planes, see e.g. [1] or [16] ; it states that the Lenz-Barlotti class III.2 is empty. [17] ). Let P be a finite projective plane, containing a non-incident point-line pair ðx; LÞ for which P is ðx; LÞ-transitive, and assume that P is ð y; xyÞ-transitive for every point y on L. Then P is Desarguesian.
Note that every axis of symmetry L is regular in the sense of S. E. Payne and J. A. Thas [8, 1.3] ; hence there is a projective plane P L canonically associated with L as in 1.3.1 of [8] . Then S is isomorphic to the unique GQ of order 2, namely the classical Qð4; 2Þ (see 6.1 of [8] ). Finally, suppose that s ¼ 3. Then S G Qð4; 3Þ (see 3.3.1 and 6.2 of [8] , and recall that S has regular lines). r Note. There is also an elementary group-theoretical proof of the last theorem, as was pointed out to us by W. M. Kantor [5] .
